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Abstract—We have developed three improved heat transfer models, which allow prediction of the thermal
conductivity of evacuated and gas-filled fibrous insulations. These models take into account the coupling
between the solid conduction of the fibre system and the gaseous conduction of the gas in the pore space.
They use cell configurations, in which the contact resistance between two neighbouring fibres can be
modelled by statistical considerations. Results from the derived models are compared with data obtained
for 15 different fibre insulations, which have been investigated in evacuable, load-controlled guarded hot
plate systems. Experimentally changed parameters were gas pressure, temperature and density of specimens.

1. INTRODUCTION

MEASUREMENTS on fibrous insulations [1-7] show that
in non-evacuated fibrous insulations the combined
solid and gaseous thermal conductivity 4, is under-
estimated if the thermal conductivity of the gas 4,
and the thermal conductivity A, of the solid fibres
are superimposed linearly (see Table 1). One finds
A > A+ 4, for densities p higher than 5 kg m ™3, At
p = 300 kg m~? the excess is about 20%.

To account for this effect several heat transfer
models were developed [2-4, 8]. However, there was
a lack of sufficient agreement between results from
these models and recent measurements on 16 different
fibrous insulations in several evacuable guarded hot
plate systems at the Physics Institute/University
Wiirzburg as a function of air pressure, temperature
and density. In the above models all fibres are either
assumed to be perpendicular to the macroscopic heat
flow or randomly oriented. Bhattacharyya [3] suggests
a 50: 50 split between these two extreme assumptions.
The new improved heat transfer model based on
Fricke [9] and Bhattacharyya [3], but takes into con-
sideration a variable orientation of the fibres and
adjustable contacts between the fibres [7]. The mean
orientation varies with density and external pressure
and/or is assigned by production.

2. THEORETICAL MODELS

The heat flux passing through a fibrous insulation
is represented by the following equation:

g=4qu+9q.. 1M

Using Fourier’s empirical law ¢ = —1grad T and
assuming that grad T is the same for all types of heat

t Author to whom correspondence should be addressed.

transfer, one gets for the total thermal conductivity
Alolnl = 'lsg+'lr' (2)

In fibrous insulations with densities greater than
20 kg m~* no convection occurs because the fibres
subdivide the gas into sufficiently small pores [3].
Radiative transfer in such insulations with layers of
several cm can be considered a local phenomenon.
Thus the additive superposition of A, and /, in equa-
tion (2), valid for optically thick insulations, is justi-
fied. 4, can be determined either calorically or from
infrared optical measurements [10).

As stated above, the combined solid and gaseous
conductivity A,, generally is larger than the sum of
A+ A,

The derivation of A, is pursued using a three-step
approach, in which firstly a basic model then a modi-
fied model and finally a model with suitable con-
nection parameters are considered.

2.1. Basic model (BM)

In this model specimens with any mean orientation
can be calculated by use of a parameter Z, which
represents the fraction of all fibres oriented per-
pendicularly to the macroscopic heat flow. Bhatta-
charyya’s extreme orientations yield Z = 1 (all fibres
perpendicular to heat flow) and Z = 0.66 (random
orientation of fibres). Each specimen is associated
with a mean orientation and a corresponding Z.

Table 1. Typical thermal conductivities of non-evacuated
fibrous insulations at T =300 K. 1, (300 K) =26x10~*
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NOMENCLATURE

ay contact radius T.,T. temperature of the hot and cold plate
A connection parameter T, mean radiative temperature,
A, area of one contact T2 =1)4-(T?+TH (To+T)
cL velocity of light in vacuum Vr ratio of the volume of fibre and gas,
Cr ratio of thermal conductivity of gas to pl(po—p)

thermal conductivity of solid Y, Young’s modulus

material, A,/4, zZ part of all fibres, which are orientated
d thickness of the specimen perpendicularly to the macroscopic
D pore diameter of the fibrous insulation heat flow.
ex Rosseland mean value of the specific

extinction
fo(A+T) Rosseland function Greek symbols
G fit parameter Bx constant (1.554 for nitrogen) (different
h Planck’s constant for different gases)
h(?) probability function for fibre € emissivity of the plates

orientations 3,0 angles, which describe the orientation
kg Boltzmann's constant of the fibre in the cell
/ length of fibre (diagonal of the cell) 30, o mean orientational fibre angles
I mean free path A thermal conductivity
m height of the fibre—gas cell in units of Ae thermal conductivity of evacuated

the fibre diameter specimen
m” mass per area Ag thermal conductivity by gas (nitrogen)
n refractive index of the specimen Ane thermal conductivity of gas-filled, non-
ng refractive index of the solid material evacuated specimen
o+1  area of a fibre—gas cell in units of the A thermal conductivity by radiation

contact area A thermal conductivity by solid fibres
De gas pressure Asg thermal conductivity by solid fibres, gas
Dext external pressure and their coupling
q heat flux Ao thermal conductivity of the solid
r radius of a fibre material
R, thermal resistance by gas A wavelength
R, thermal resistance of a contact Ho Poisson’s number of the fibre material
Rym  thermal resistance of a fibre—gas cell P density of the specimen
Seet area of a fibre—gas cell Do density of the fibre material
T temperature [K] o Stefan—Boltzmann constant.

It is supposed that the heat transfer in fibrous
insulations with any mean orientation of the fibres can
be composed of a fibre fraction with an orientation
perpendicular to the macroscopic heat flow and a
parallel fraction. As in Bhattacharyya’s model, the
following are assumed :

(i) The fibrous insulation can be approximated as
a homogeneous medium of thermal conductivity 4,.

(ii) Interactions between fibres influencing 4, can
be averaged over a unit volume, a cell.

(iii) Any individual fibre can be assumed to be a
spheroid whose major axis is very large compared
with the minor axis.

With these assumptions the thermal conductivity 4,
of solid fibres, gas and their coupling can be derived :

Mg . Cr—1
Ay = 4o <1+ 1+ Vr(1+Z-(Cr—1)/(Cr+l)))'
3

Cr =0 corresponds to evacuated specimens, for
which the solid thermal conductivity A is

MM = Ao Vr-(1=2)/0+Vr-(1-2)). @

2.2. Modified model (M M)

It proved necessary to pay attention to the contacts
between fibres, which act as thermal resistances. The
thermal conductivity of the solid phase, the gas and
the coupling effects for the MM can be calculated
using the thermal resistances in Fig. 1.

Furthermore, the following assumptions are made
(Fig. 2): while in the BM the cell height is m*2r, in
the MM it is (m+ 1) - 2r. The contact area is A, the
effective area of the gas volume acting as a paralle]
resistance R, is 0* A,,.

The contact resistance R, is calculated according
to Kaganer [1], using the contact radius of Hertz [11]
for elastic deformations of cylinders with a,, « r
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FiG. 1. Circuit diagram of the thermal resistances (R) of
basic model (BM), contact (ct) and gas (g).

Rcl = 1/(2acllsol)' (5)
Thus the cell area is S,y = (0+ 1)A4,.
v (m+1)-2r . )

1 1Y!
Seen (RBM + <R_g + R_c[) >

Figure 3 defines the angles which describe the orien-
tation of a fibre. Because of rotation symmetry relative
to the macroscopic heat flow (z-axis) and the sym-
metry relative to the x,y-plane it is sufficient to
consider only one-eighth of the total solid angle
to calculate the mean fibre orientation and the cor-
responding Z.

To calculate the size parameters m and o of the cell
two functions for the orientational probability of the
fibres can be used:

e A step function

K
hd) = {f-x 9>0

3<0O 1
f=m M

(¢ = 1 for randomly oriented fibres).
e A continuous function

f8 3<0©
= 8
H {(ﬁ'O—y'®)+y-9 s O
with § > 0
E _(1-2)-Q —sin @)v
y Z'sin®—0O-cos®’
heatflux
I fibre-gas-cell
\ ’“'f"of BM
g 2.r gas
1
contact

"Acgﬂ—— O'AN_—|
Fi1G. 2. Cell of the modified model.

zZ )
R

(5]

TV,

X

Fi1G. 3. All fibres with an orientation angle 3 < ® are con-
sidered parallel to the macroscopic heat flow, all those with
3 > © perpendicular.

For 8 « v this function is a good description for speci-
mens with fibres orientated nearly perfectly per-
pendicular to the macroscopic heat flow.

With these functions the fraction of fibres which
are perpendicular to the macroscopic heat flow can

be calculated
90 90
j J h(9)I?sin 9 d9 de
0

L]

Z= 90" ("90° : ®
J f h(9)!*sin $d9 de

0 0

©® is the critical angle which separates the fibres
which are considered parallel and perpendicular to the
macroscopic heat flow, respectively (Fig. 3). Knowing
that for randomly orientated fibres #(9) = const. and
Z = 0.66, the angle @, used for both functions, can
be derived from equation (9)

cos ® = 2/3, © = arccos 2/3. (10)

For both probability functions the mean angle 9, (Fig.
4) and ¢, can be calculated as a function of Z. ¢, is
45°, irrespective of Z.

m and o are given as a function of the fibre orien-
tation and therefore of Z:

11/
m+1=—-cos 9,
2r

(1m

90°

70°t

60°

50°

0.70 0.80 0.90 1.00

z

FIG. 4. Mean orientation angle 3, as a function of Z for both
probability functions (equations (7) and (8)).
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Table 2. Density p,, index of refraction r,, Young’s modulus
Y, and Poisson’s number y, of the fibre material (13, 14}

Po Yo s
Material (kgm™% n, (Nm ) g
b.board. b.wool 2520 1.5 10" 0.25
b.paper 2200 1.5 10" 0.25
SF1,SF2 2700 1.5 10" 0.25
b.1,b.2 2500 1.5 10" 0.25
Si0,A,B,C, D 2200 14 10" 0.25
PA,PBI,PB2 1380 1.5 32x10®  0.35
JASH 0.5sin 9,)'?
o+1= () ( 5 ) 7= (12)
r n(L.5(1 =) P/ Yo)®
[ 172
o mpodp )7 (13)
r 0.5sin* 9,cos 9,
2.3. Modified model with connection parameter

(MMCQC)

In a real fibrous insulation not all adjacent fibres
are in direct contact with each other. We thus define
a unit cell of the same size as in the MM. This cell is
divided into eight subunits, each having the structure
of one-eighth of a MM cell. In the centre of the unit
cell the eight corners of the subunits touch one
another. The directions of the fibres in these subunits
can be chosen in 4° possible ways. The heat flux may
be characterized by the maximal or minimal number
of fibres, which connect the centre with the cold or,
respectively, the hot side of the unit cell. These two
limiting cases yield the maximal and minimal value
of the connection parameter 4: 0.6836 and 0.5384,
respectively. For the following calculations the arith-
metic mean value 4 = 0.611 is used.

The combined gaseous and solid thermal con-
ductivity according to the MMC is

C. STARK and J. FRICKE

] -1
P 4L0Ar

2

o+1

m
KME = (m+1) | Jm + (14)
g

ona,

Ag! is given by equation (3).

In the three improved heat transfer models the
quantity Z is a free parameter. In some cases Z was
available from the product information provided by
the producer.

3. MEASUREMENTS

To calculate the radiative thermal conductivity 4,
IR-optical measurements are performed with a com-
mercial FTIR-spectrometer in the wavelength region
2.5-45 um. The effective spectral mass-specific extinc-
tion coefficient e*(A) is derived from reflection and
transmision measurements using an integrating
sphere. The effective specific extinction coefficient
e¥(T) as a function of temperature can be calculated
using the Rosseland distribution function fR(A,T)
(12]

Table 4. Thermal conductivity 1,(7) of used solid materials

[14, 15]
Temperature
Material range (K) l(Wm™ 'K
basalt 250-500  0.4898+1.989 x 102 (T/K)
b.glass 250-500  0.6809+1.377 x 103 (T/K)
250650  0.5907+1.871 x 10~2 (T/K)
-6.299 x 10~ 7 (THK?)
Si0, 250-700  0.9670+1.336x 107> (T/K)
350-900  0.2406+7.047 x 1072 (T/K)
—1.502% 10~° (T?*/K?)
+1.520x 108 (T¥/K?)
—4.597x 10712 (T4/K*)
polyester 290 0.26

Table 3. Density p, thickness d, mass per area m” and index of refraction » of fibrous insulations
in hot plate systems with external load p.,, and boundary emissivity ¢

”

p d m Pext
Material (kg m™?) (107*m) (kgm~? n? (10° Pa) £
b.board 300 18.6 5.77 1.109 93.2 0.77
b.wool 314 11.0 3.46 1.114 <93.2 0.77
b.paper nt 321 8.0 2.57 1.135 3109 0.77
b.paper t 425 6.1 2.57 1.181 310.9 0.77
SF 1 105 25.5 2.67 1.037 <8.0 0.80
SF 2 42 25.7 1.09 1.014 <0.40 0.80
b.1 43 25.7 1.10 1.015 <0.27 0.80
b.2 76 25.7 1.96 1.027 <3.6 0.80
Sio, A 80 5.4 0.426 1.027 10.0 0.77
SiO; B 80 9.4 0.751 1.027 10.0 0.77
Sio, C 80 10.0 0.800 1.027 10.0 0.77
Sio, D 160 5.0 0.800 1.054 100.0 0.77
PA 21 12.8 0.269 1.013 5.0 0.80
P Bl 54 8.0 0.45 1.035 <25.0 0.99
P B2 155 8.0 1.35 1.102 <120.0 0.99
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FIG. 5. Thermal conductivity as a function of air pressure p,. +, measurements, error bars are also given;
solid line, MMC calculation using the parameters D and Z [7): (a) non-tempered b.paper; T = 324 K,
p=321kgm~3 D=3.5pumand Z=0.93; (b) tempered b.paper; T=324 K, p=425kgm™>, D =25
umand Z =0.90;(c)SF1; T=328K,p =105kgm~3, D = 500 um and Z = 0.82; (d) SiO, C; T = 339
K,p=80kgm3 D =40 ym and Z = 0.90; () SiO, C; T=698 K, p =80 kg m~>, D = 40 ym and
Z=090; ) PB1; T=303K,p=54kgm> D =200 pm and Z = 0.66.
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The caloric measurements were carried out in

several evacuable, load-controlled guarded hot
plate systems at our institute. These systems can be
evacuated down to 10-2 Pa and operated between
temperatures of 270 and 840 K.

The fibres of the investigated specimens consist of
borosilicate glass (b.), basalt (SF), SiO, or polyester
(P). Table 2 shows the material data and Table 3 the
specimen data. If pegs are used to define a certain
distance between the plates, the external pressure in
Table 3 is an upper limit and is marked by ‘<’. The
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FIG. 6. Thermal conductivity as a function of temperature. Measurements: A, A,.; +, Asgs O, 4e; O, A
solid line, MMC calculation using Z and D as follows [7] : (a) tempered b.wool; Z = 0.85and D = 5 ym ;
(b)SF2;Z=0.82;()b.1; Z=10.80;(d) b.2; Z=0.88; (¢) Si0, D; Z=0.97; () PB2; Z = 0.66.

solid conductivity 4, of the fibre materials is given in
Table 4.

4. COMPARISON OF CALORIC
MEASUREMENTS AND MMC

In order to compare the measurements of the ther-
mal conductivity 45* and A3 of evacuated and gas-
filled specimens, respectively, with the results from the
MMC the following conversions were made :

(a) To get rid of the radiative contributions, the

measured extinction coefficients e (T") were converted
into radiative conductivities [10]

4on’d

2 3m” '
(— - 1>+ 2 ex(T)
e 4

A, was then subtracted from the conductivity A for
the evacuated specimens, or from ASP for the non-
evacuated specimens to yield A5 and A3P, respec-
tively.

b=T;

a7n
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(b) AMMC calculated from the MMC, contains the
thermal conductivity by radiation (equation (17)) and
the solid conductivity AMM€ of the fibrous system ; the
latter is derived by using 4, = 0 in equations (14) and
(3). For Z > 0.66 the continuous function is used. For
Z = 0.66 the step function best describes the fibre
orientation.

(c) Similarly, 24M€ = 4, + AMMC is calculated with

’1g = Anilrogcn'

4.1. Comparison of MMC and thermal conductivity
measurements as a function of air pressure

For each material listed in Table 3 measurements
at constant temperature and fixed temperature differ-
ence between the cold and the hot plate were per-
formed. For SiO, the measurements were conducted
at T, =339 and 698 K. The theoretical values are
calculated by using the thermal conductivity of gas
as a function of air pressure, temperature and mean
pore diameter

A
i=— " 18
* (1+2fkln/D) (1%)
with
kyT
[ o=
™= 3 (19)

Ao 1s the gaseous conductivity of a free gas (mean free
path / large compared to pore width D).

The two free parameters are the fibre orientation Z
and the pore diameter D, which allow the theory to
be fitted to the measurements. For some specimens
(Figs. 5(a) and (b)) not the thermal conductivity A,
of a free gas is not reached, even for p, = 10° Pa.
In general, excellent agreement is obtained between
experimental and theoretical values (Fig. 5).

4.2. Comparison of MMC and thermal conductivity
data as a function of temperature

For each material the thermal conductivity as a
function of temperature is measured in the largest
possible temperature range, both for p, = const. <
10~ Pa and for p, = const. ~ 10° Pa (Fig. 6).

For materials, for which 1, < A even at p,,, = 10°
Pa, the gaseous thermal conductivity 4,(T) is cal-
culated using the pore diameter fitted with equation
(18). Furthermore, equations (14) and (3) are used
(Fig. 6(a)). The free parameter Z is fitted to give the
best agreement for all four conductivities 4;, 4., 4y
and A,.. For SF 1, b.1 and b.2 the fibre orientation
was provided by the producer. The polyester fibres
had a fixed fibre orientation of Z = 0.66. Using these
Z values good agreement between measurements and
theory is obtained.

4.3, Comparison of MMC and thermal conductivity
measurements as a function of density

For the two specimens P B2 and b.1 the density was
varied.

€
£
z
)
-
£
-
1
20 -1
10 + —
[]
0 T o, 8 = 1 N
0 100 200 300

p in kg/m?

FiG. 7. Thermal conductivity as a function of density for
P B2 at T = 303 K. Measurements: X, A, +, 44, O, 4
3, 4; solid line, MMC calculation with Z = 0.66.

In b.1 the fibres are not connected, therefore they
tend to orientate perpendicularly to the macroscopic
heat flow under external pressure p.,,. Also, the con-
tact area increases with increasing external pressure.
The measurements could be fitted best by using

Z=0.64+580x10"3p (kgm~?)
—5.57x 1077 (p (kgm™?))?
+2.42x1077 (p (kg m~?))?
~3.93x10'° (p (kg m™~Y))*

and p., = 0.4 (p (kg m~3)—27.5)%* Pa (Fig. 7).

P B2 fibres form a network with bonded fibre cross-
ings. Here the mean fibre orientation and the contact
areas do not change under compression (Fig. 8).

4.4, Comparison of MMC with other models
The comparison is made for evacuated and gas-
filled samples.

35 .

A in 10° Wi(mK)
8

20 F j

=T

0 50 100 150 200
p in kg/m?

O‘E_._._h&r-f

F1G. 8. Thermal conductivity as a function of density for b.1
at T = 283 K. Measurements: X, A,.; +, Ag; O, 45 0. 4
solid line, MMC calculation with equation (21).
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(I) Additive superpositions of the three heat trans-
fer components, radiation, solid conduction and gas
conduction

A= dy(hy = 0)+4, and A = A +1,

(II) Model of Bhattacharyya [3] and Hasselmann
(8] for all fibres perpendicular to the macroscopic heat

flow.
(I11) Model of Bhattacharyya [3] and McKay [4] for
the specimens having fibres with random orientation.
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Fi6. 9. Comparison of the thermal conductivities of gas-
filled specimens : measurements (4 ) and models II-VII. For
models V-VII we used the following Z: (a) b.board with
p=300 kg m™?*; Z=10.87; (b) b.2 with p =76 kg m~?;
Z =0.88; (c) P B2 with p = 155 kgm~?*; Z = 0.66.
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F1G. 10. Comparison of the thermal conductivities of evacu-

ated specimens : measurements (+) and models II-VIL. For

models V-VII we used the following Z: (a) b.board with

p =300 kg m~*; Z=087; (b) b.2 with p=76 kg m™*;
Z =0.88; (c) P B2 with p = 155 kgm™>; Z = 0.66.

(IV) Model of Bhattacharyya [3] for building insu-
lations, a 50: 50 split between the values of model IT
and model III.

(V) Basic model (BM).

(V1) Modified model (MM).

(VII) Modified model with connection parameter
(MMQ).

Models II to IV are special cases of model V, they
work with fixed fibre orientations Z =1, 0.66 and
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0.83, respectively. The comparison was performed for
three selected specimens, which differ in fibre material,
useful temperature range and density. With models
II-VII A, is calculated; 4, is added to get the total
conductivities A, and A, in the evacuated and non-
evacuated state. Model IT always gives A, = 0,if 1, = 0
and therefore A, (model II) = 4,. A suitable model for
calculation of A, exists only for Z =1 [1]. Hence a
comparison of evacuated data with model I is not very
helpful. Figure 9 shows the thermal conductivity of
gas-filled specimens as a function of temperature for
b.board, b.2 and P B2. Figure 10 displays the con-
ductivities of the same materials under evacuation.

5. DISCUSSION

Figure 9 shows that models I and IT always predict
a thermal conductivity, which is too low. Values from
model IIT are too high and model IV works only for
some special specimens. Models II-1V are not suitable
to account for the variety of fibre orientations. The
agreement between measurements and the three
improved models is good ; best results are obtained
with MMC (model VII). The fibre orientations of b.1
and b.2 reported by the producer lead to acceptable
or very good agreement with measured values.

Figure 10 shows the thermal conductivity of evacu-
ated specimens. Models 11 and III yield too low and
too high values, respectively. The solid thermal con-
ductivity A, calculated by models III-VII is too high
and therefore the same holds for 4, = A, +4,.

The results of model VII, especially 4, are inftu-
enced by the pressure on the contacts and the con-
nection parameter A.

Overall, the results from model VII agree best with
measurements, both for evacuated and for gas-filled
fibrous insulations as a function of air pressure, tem-
perature and density.

9.
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